InteGriTy is a software package that performs topological analysis following AIM approach on electron densities given on 3D grids. Use of tricubic interpolation is made to get the density, its gradient and hessian matrix at any required position. Critical points and integrated atomic properties have been derived from theoretical densities calculated for the compounds NaCl and TTF-2,5Cl 2 BQ, thus covering the different kinds of chemical bonds: ionic, covalent, hydrogen bonds and other intermolecular contacts.
techniques ranging from standard Hartree-Fock calculations up to extremely accurate configuration interaction methods or techniques based on the Density Functional Theory (DFT) which are increasingly used to perform ab-initio calculations. Once the total electron density is known, it can be analyzed in details by means of its topological properties within the Quantum Theory of Atoms in Molecules (Bader, 1990; Bader, 1994) . With such an analysis one can go beyond a purely qualitative description of the nature and strength of interatomic interactions. It can also be used to define interactomic surfaces inside which atomic charges and moments are integrated.
The topological features of the total electron density ρ(r) can be characterized by analyzing its gradient vector field ∇ρ(r). Critical points (CP) are located at points r CP where ∇ρ(r CP ) = 0 and the nature of each CP is determined from the curvatures (λ 1 , λ 2 , λ 3 ) of the density at this point. The latter are obtained by diagonalyzing the Hessian matrix H ij = ∂ 2 ρ(r) ∂x i ∂x j (i, j = 1, 2, 3). The CP's are denoted by a pair of integers (ω, σ) where ω is the number of non-zero eigenvalues of the Hessian matrix H(r) and σ the sum of the signs of the three eigenvalues. In a three dimensional stable structure, four types of CP's can be found: (3, −3) Peaks corresponding to local maxima of ρ(r) which occur at atomic nuclear positions and in rare cases at so called non-nuclear attractors; (3, −1) Passes, corresponding to saddle points where ρ(r) is maximum in the plane defined by the axes corresponding to the two negative curvatures and minimum in the third direction, such bond critical points are found between pairs of bonded atoms; (3, +1) Pales where ρ(r) is minimum in the plane defined by the axes associated with the two positive curvatures and maximum in the third direction, such ring critical points are found within rings of bonded atoms;
(3, +3) Pits corresponding to local minima of ρ(r). The numbers of each type of CP's obbey the following relationship depending on the nature of the system: N (peaks) − N (passes)+N (pales)−N (pits) = 0 or 1 for a crystal or an isolated system respectively.
The Laplacian of the electron density ∇ 2 ρ(r) which is given by the trace of H(r) is related to the kinetic and potential electronic energy densities, respectively G(r) and V(r), by the local virial theorem, 1 4 ∇ 2 ρ(r) = 2G(r) + V (r) (atomic units are used throughout the paper). The sign of the laplacian at a given point determines whether the positive kinetic energy or the negative potential energy density is in excess. A negative (positive) Laplacian implies that density is locally concentrated (depleted). Within the Quantum Theory of Atoms in Molecules, a basin is associated to each attractor (3, −3) CP, defined as the region containing all gradient paths terminating at the attractor. The boundaries of this basin are never crossed by any gradient vector trajectory and satisfy ∇ρ(r) · N(r) = 0, where N(r) is the normal to the surface at point r. The corresponding surface is called the zero flux surface and defines the atomic basin when the attractor corresponds to a nucleus. Only in very rare cases non-nuclear attractors have been evidenced (Madsen, 1999) . Within this space partionning, the atomic charges deduced by integration over the whole basin are uniquely defined.
During the last twenty years, several programs have been developped to perform topology of electron densities but they are either connected to computer program packages (Gatti et al., 1994; Koritsanszky et al., 1995; Souhassou et al., 1999; Stash,A. et al., 2001; Stewart et al. 1983 , Volkov et al., 2000 or have limitations concerning the type of wavefunctions which have been used to determine ρ(r) in ab-initio calculations (Barzaghi, 2001; Biegler König et al., 1982 , Biegler König et al., 2001 Popelier, 1996 ) or to refine experimental data (Barzaghi, 2001) . To our knowledge,only two cases were described to analyse the topology of ρ(r) numerically on grids; Iversen et al (Iversen 1995) used a maximum entropy density and Aray (Aray 1997 ) sampled a theoretical density on a homogeneous grid. However, these approaches are limited to the determination of CP's. The present analysis of the topological features of total electron densities is independent of the way these densities are obtained and works for periodic or non-periodic systems. We show in this paper that this can be simply achieved by working with densities given on regular grids in real space. The developed software InteGriTy uses a tricubic Lagrange interpolation which makes the CP search and integration method both accurate and fast. The densities used to illustrate the performance of our approach are theoretical ab-initio densities obtained with the Projector Augmented Wave (PAW) method (Blöchl, 1994) . The next section of this paper gives a short description of the method. Test compounds and computational details are given in Section 3. Section 4 is devoted to the determination of CP's and their characteristics whereas section 5 concerns the determination of atomic basins and charges. We will discuss the effect of grid spacing of the input density and the plane wave cutoff used for the PAW calculations on the properties of different type of interactions (ionic, covalent and intermolecular).
Description of the method

Input data and interpolation
In order to achieve the topological analysis of any experimental or theoretical electron density, the density is given on a regular, not necessarily homogeneous grid in real space. A grid of stored values of ρ(r) must be prepared, preferably in binary format in order to save disk space and with double precision to ensure high precision. The grid which is defined by its origin, three meshgrid vectors and the number of points in each grid direction as well as atomic positions must be specified with respect to a cartesian , 1992) . In one dimension, it uses values of ρ on two grid points on each side of the current point as illustrated in figure 1 . For a three-dimensional system, it uses 64 grid points surrounding the box containing the current point:
As the first and second derivatives of this expression are straighforward, the evaluation of ∇ρ(r) and H(r) is numerically very cheap. It is clear that with respect to analytical expressions, the interpolation may introduces errors. However, as shown in section 4 and 5 these errors are small for reasonable values of the grid interval size, and insignificant when compared to those issued from the multipolar refinement of experimental structure factors. One should also notice that this interpolation is not suited to perform the topology of ∇ 2 ρ(r) from the density. Higher order interpolation would be required or the Laplacian has to be supplied on a grid.
s s s s s s Fig. 1 . One dimensional example for tricubic Lagrange interpolation. x i and ρ i are respectively the abscissa and density value at grid point i. The density at the current abscissa x is given by ρ(x) where L i (x) are third order polynomial, passing through all the grid points as shows the example of L 1 (x).
Critical points
To locate the CP's, starting from every grid point, a standard Newton-Raphson technique (Press et al., 1992) is used to find the zero's of its gradient modulus:
Far from the CP's, the full Newton step will not necessarily decrease the gradient modulus and the parameter α allows the stepsize adjustment. In all our calculations an α value of 0.3 led to stable results. This iterative procedure is used until the gradient modulus becomes less than a choosen threshold value. The corresponding CP is then stored if no other CP has been found in its vinicity. Otherwise, the program keeps the point which has the smallest gradient modulus. The CP's can then be classified with respect to their type and/or to the magnitude of ρ(r CP ). It is worth to emphasise that, since each grid point acts in its turn as a starting point, CP search does not require a priori knowledge of atom location, nor the definition of plane or local coordinates system. Periodic boundary conditions are used to treat periodic systems whereas four grid points at each border of the input box are ignored in the case of non periodic systems.
Atomic Basins
Interpolation of electronic density on grid can also be used to derive atomic basins and integrate atomic charges with good accuracy and reasonable computer time. The surface S Ω of each basin Ω is determined by its intersection with rays originating from the attractor. Only one intersection per ray is looked for. Then the determined surfaces may not be fully correct (Biegler König et al., 1982 , Popelier, 1998 but the missing volume that can be checked a posteriori is very low, thus having no appreciable effect on the integrated charges. Basin search is performed on total density whereas highly accurate integration is obtained from valence part only to avoid using unreasonably small grid steps. The program works with both periodic and non periodic conditions for the input grids and a threshold electron density value can be applied to limit
the surface of open systems (e.g. van der Waals envelope, Bader, 1990) . The presents integration results concern only periodic systems thus allowing a posteriori validation IUCr macros version 2.0β5: 2001/06/20 of the process according to the sum over the whole unit cell of all basin volumes, including all atoms and possible non nuclear attractors. Fig. 2 . Schematic diagram to illustrate how a running point in radial coordinates is checked following the gradient path inside (•) or outside (•) a basin centered on the attractor A and delimited by the surface S Ω . r A and r respectively give the positions of the attractor and the running point in the absolute cartesian coordinates system. The incremental step length g dr o is defined in the text.
Basin search
To search for the surface of a basin, a radial coordinates system centered on each attractor is used and one point of the basin surface R Ω (θ, φ) is looked for along the ray defined by θ and φ angles. A point r (θ, φ) is declared inside the basin Ω if the following gradient path brings it towards a sphere centered on the attractor and with radius R min small enough to be in the basin, as illustrated in figure 2. The running point is declared outside of Ω if a few iteration steps successively move it away from the attractor. The step amplitude used to follow the gradient is the product of a minimum step dr 0 weighted by a coefficient g depending on the angle ω between the considered ray and the gradient. It takes the form ln (g) = A | cos (ω) | B so that the maximum step size corresponds to the parallel situation. The search algorithm used for each ray is given in figure 3 . A coarse bracketing,
first performed starting from the value R start and using geometric progression with IUCr macros version 2.0β5: 2001/06/20 common ratio 1 + ν. The sign and amplitude of ν depends on wether bracketing is done downward to or away from the attractor. A dichotomy procedure is then used to refined the R Ω (θ, φ) value with predefined tolerance d tol . At the first (θ, φ) step, R start is set to an arbitrary value given for each atom as an input parameter. A crude estimation of basins limits is done first on a regular (θ, φ) grid with small number of points n θ and n φ = 2n θ with each R Ω (θ, φ) acting as starting value for the next (θ, φ)
step. This search is sufficient for graphical purpose and enables R start initialisation by linear interpolation at all (θ, φ) points added during the integration process. The R min value is updated at the end of the crude estimation in order to save time during integration process. It is automatically reset to a lower value where it needs to be so. Fig. 3 . Basin surface location flowchart for a given ray originating from an attractor with spherical coordinates θ and φ. L and H are dummy logical constants to check if both the low and high limits of the coarse bracketting have been found. In the second part of the flowchart, the dichotomy process is stopped when the distance between the two limits is below the predefined tolerance d tol .
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Integration
Two methods can be used for integration, both using three imbricated integration loops with spherical coordinates. The first one is straightforward and uses the same fixed number of (θ, φ, r) points for all attractors. The number n r and n θ of radial and θ steps are kept fixed, whereas the number n φ (θ) of φ steps is θ dependent such that elementary solid angle sin (θ) δθδφ be constant. The integral Q f of a quantity f (θ, φ, r) is simply given by the discrete sum:
The second method uses Romberg procedure (Press et al., 1992) and is illustrated in figure 4 for a single variable function f to be integrated in the interval [a, b]. 
Test compounds
Different types of crystals and molecules have been used to test limits, accuracy and performance of algorithm. In this paper, we have selected two crystals, NaCl a classical example for ionic crystals, and TTF-2,5Cl 2 BQ for covalent and intermolecular interactions. The later compound was also chosen for the following reasons: with 26 atoms in the unit cell the system is neither too small nor too large; the unit cell is triclinic then the grid will not be orthogonal; the presence of inversion symmetry should be recovered in all properties; finally the expected small intermolecular charge transfer (about 0.5 out of 200 electrons) is a good quantity to test for the accuracy of charge integration. All calculations used to generate the electron densities were carried out with the Projector Augmented Wave (PAW) method (Blöchl, 1994) , an all-electron code developped by P. E. Blöchl. The wave functions were expanded into augmented plane wave up to a kinetic energy (E cutoff ) ranging from 30 to 120 Ry. NaCl was treated within an fcc cell with a = 10.62 a.u. and 8 k points in reciprocal space. For TTF-2,5Cl 2 BQ we used the experimental geometry at ambient conditions (Girlando et al., 1993) . The unit cell is triclinic (a = 14.995, b = 13.636, c = 12.933 a.u., α = 106.94 • , β = 97.58 • and γ = 93.66 • ) and contains one TTF and one 2,5Cl 2 BQ molecule both setting on inversion centers. These molecules are respectively electron donor and acceptor molecules alternating along the b axis to form mixed stacks ( figure 5) . The ab-initio calculations were performed with three k points between Γ and Y = 1 2 b * in the Brillouin Zone (Katan et al., 1999) .
Critical points
Ionic bonds
NaCl presents four types of different CP's as shown in figure 6 . Within the unit cell there are six (3, −1) CP's between Na and Cl, six (3, −1) CP's between Cl· · ·Cl surrounded in the Na· · ·Na direction by twelve (3, +1) CP's, two (3, +3) CP's and two nuclear attractors. The characteristics of these CP's are given in table 1 along with the variation of CP properties versus grid spacing (∆r grid ) and number of plane waves (E cutoff ) for only one representative CP, all other CP's presenting even smaller variations. These results show that a grid spacing of about 0.15 u.a. and a plane wave cutoff of 30 Ry are sufficient to achieve accurate results for this ionic compound. Fig. 6 . Octahedron with one Cl at its center and six Na at each vertex. Iso-density curves represented in the plane of Na· · ·Cl nearest neighbors. The six dark spheres correpond to the (3, −1) CP's between Na and Cl, the twelve grey spheres to the (3, −1) CP's between Cl· · ·Cl and the bright smallest one to the (3, +1) CP's. The (3, +3) CP's are not shown here.
Molecular compounds
Low densities at critical points are observed in the crystal TTF-2,5Cl 2 BQ in interaction regions. Two examples are selected on table 2 and 3 respectively corresponding to the ring CP of 2,5Cl 2 BQ and to the strongest hydrogen bond occuring in the plane shown in figure 7 . In both cases, the smallest E cutoff (50 Ry) and the largest grid spacing (0.125 u.a.) give already quite good results. These properties converge even better for all other low density CP's. As for ionic bonding, the electron density is particularly smooth close to the CP's and even smaller E cutoff and ∆r grid are enough.
The situation is much different for covalent bonds where ρ(r CP ) is much higher and the electron density varies more rapidly. All covalent bond CP's have been plotted on figure 5. Typical covalent bonds of TTF-2,5Cl 2 BQ are summarized in table 4 and 5 for different E cutoff and ∆r grid . For most bonds, the CP properties do not vary too much, except for C=O bond where low E cutoff gives a value of ∇ 2 ρ(r CP ) twice as large as other E cutoff . This is due to the electron density that changes very rapidly along the bond path. For this reason, the C=O bond properties are also the most sensitive to ∆r grid (table 5) . This makes it particularly difficult to treat. Evidently, the CP characteristics of simple bonds are more easily accurate than those of double bonds.
Finally, we have checked in each case that CP's which are equivalent by symmetry are equivalent at least within the numbers of digits indicated in the different tables of this section. All these results clearly show that CP's properties can easily be deduced from densities given on regular grids, the choice of the grid stepsize depending on the nature of the bonds of interest.
Atomic Basins
Accuracy of integration from a grid density will depend on the integration method and on the way of determining the basins surfaces but also on the accuracy of electron density data at the grid points, on the degree of missing information due to grid spacing and on the possible bias introduced by the interpolation procedure. The following residuals have been defined to estimate the accuracy of integration process: N grid is the number of electrons in the unit cell obtained over all elementary volume units either by discrete summation or using analytical integral expression of the tricubic interpolation. Then ∆N = N grid -N real is the difference between the number of valence electrons obtained by integration over the whole unit cell and its expected real value.
The quantities v Ω and S Ω respectively refer to the volume and surface of the basin Ω.
The number of electrons in an individual basin is denoted n Ω . δN = n Ω -N real is the residual after summation over all atomic basins. The basin volume uncertainty is set equal to the product of the tolerance d tol and an estimation of the atomic surface S Ω . The total volume uncertainty is given by σ V = d tol S Ω and the residual volume error by ∆V = v Ω -V cell . If the uncertainty σ V is found clearly less than the residual ∆V, the question arises about the way the atomic surfaces are derived. In this case, either there are several intersections of the basin surface with one ray originating from the attractor, either the parameters used to follow the gradient path have to be modified or some attractors are missing in the input list. Finally the largest charge difference between symmetry equivalent atoms, the intra or inter molecular charge transfer (CT) and its estimated uncertainty (σ CT ) are the other criteria which can be used as a measure of the accuracy of the integration process. Fig. 7 . Representation of atomic basins in the plane containing both TTF and 2,5Cl 2 BQ molecules. The strongest hydrogen bond in TTF-2,5Cl 2 BQ crystal occurs between O 1 and H 3 . The arrows indicate the direction and magnitude of the gradient in the plane. An example of unreachable small piece of volume due to multiple intersection of the atomic surface with a ray originating from atom C 5 can be seen on top right of the figure.
Grid spacing and ab-initio calculation convergence
In the case of NaCl, ab-initio calculations are not too sensitive to the convergence criterion E cutoff so the grid spacing effect can clearly be evidenced. Well converged integration results using Romberg procedure are given in table 6. One can notice that the electron number residual δN after integration and sum over all basins is very close to ∆N given as input. This residue monotonically decreases with reducing grid spacing whereas volume residual ∆V is almost constant. Reasonnable estimation of interatomic charge transfer can be derived from valence density within a precision of 0.01 electron for a grid spacing of about 0.06 a.u. The prohibitive grid spacing required to get the charge transfer with the same precision from total density can be estimated to 0.03 a.u. as illustrated in figure 8 . 
Grid spacing and ab-initio calculations convergence
In the case of molecular crystals which exhibit short bonds with large and quickly varying electron density at their bond critical points, such C=O for example, the abinitio calculations are more sensitive to the convergence criterion E cutoff defining the plane waves expansion basis set. This is found in the integration results as illustrated in table 7 for TTF-2,5Cl 2 BQ compound where the electron number residual δN after integration over all atomic basins is sligthly different from that after direct summation over the unit cell ∆N. This may arrise from the larger number of atoms and from the less smooth shapes of atomic basins (figure 9) in comparison to the NaCl case. Nevertheless using E cutoff above 50Ry is enough to get the intermolecular charge transfer within 0.02 electron precision which is the goal that originally motivated this work. Fig. 9 . 3D representation of some atomic basins in the TTF-2,5Cl 2 BQ charge transfer complex. In the case of fixed spherical grid integration, compared to Romberg integration, the volume uncertainty is in most of the cases greater than the residual volume error, thus giving no information about missing or overlapping volumes. The discrepancy between charges of equivalent atoms is also about an order of magnitude higher. The point that makes the Romberg procedure more favorable is that the number of integration points is automatically adapted to each basin to the desired level of convergence, as illustrated for atoms C 5 and S 1 in table 8, whereas taking a fixed mean spherical grid leads to missing or biased information for some atoms and adds unnecessary points for other ones. The number n r of radial loops indicated in table 8 are averages over all angular loops for each basin.
Romberg vs. fixed spherical grid integration
Conclusion
We have shown that topological properties can be derived from electron densities given on 3D grids with tricubic interpolation to extract at any given position the density, its gradient and hessian matrix. Except for very short covalent bonds such C=0, critical points properties can be obtained with grid spacing of about 0.1 a.u. The same grid spacing can also be used to get atomic charges by intergration over atomic basins with highly accurate values using the valence electron density. The integration is done with spherical coordinates system centered on the attractors and uses the robust Romberg algorithm which allows the number of integration points to be automatically adapted for each basin and offers the choice between saving computing time or giving the preference to accuracy.
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Synopsis
InteGriTy, a software package to compute topological properties of electron densities given on 3D grids.
